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The coal fly ash is produced on large scale in India by the thermal power stations. In this paper, the modified 
zeolite beta synthesized using fly ash is used for studying the dielectric properties. The zeolite is modified by ion 
exchange process so as to form Ni-beta type zeolite. The samples were tested for dielectric constant (
loss ( ac). The dielectric properties depend upon the percentage of loading metal 
cations. This zeolite beta reported in this work helps to work as  a material for dielectric applications . 

 Coal fly ash, Zeolite beta, dielectric properties 

 

Zeolites are crystalline alumino silicates and they have many applications in industry which are well 

known. Synthesis of zeolites using coal burntcfly ash is a nice alternative to use this solid waste. As coal 

fly ash contains a large amount of silica and alumina, which is helpful in zeolite synthesis. Zeolites are 

synthesized by hydrothermal treatment in an alkaline solution [1]. Fly ash is a fine grained powder, 

which is mainly composed of spherical glassy particles, produced during the combustion of pulverized 

coal. Many researchers have been synthesized zeolite beta from solid waste [2]. Nowadays, a novel 

application of zeolite in electronics is necessary [3]. This paper reports the dielectric properties of zeolite 

Ni-beta synthesized from coal fly ash. 

1. Materials & Methods: 

The starting material fly ash was obtained from Parali thermal power station, Maharashtra (India). The 

fly ash zeolite beta synthesized using fly ash based on previous study [4] is used. The zeolite beta thus 

formed is ion exchanged with 1 M solution of NH4NO3 at 800C for 12 h. This process was repeated 

thrice so as to get proper ion exchange. The product was filtered, air dried at 600C for 24 hr and then 

calcined at 4500C so that the NH4-beta is decomposed into H- beta i.e.protonic form then the zeolite 

which when ion exchanged with 0.1M, 0.2M and 0.3M solution of nickel nitrate [Ni (NO3)2.nH2O], so as 

to obtain the Na (1- x) Nix beta zeolite where x = 0.1, 0.2, 0.3M. 



 

 
 
 
 

1.1.Characterisation: 

The physical properties of coal fly ash and synthesized products were measured as follows. The 

chemical composition fly ash was determined by using a X-ray Fluorescence Spectroscopy. The 

chemical composition was analyzed using X-ray fluorescence analysis equipment (Phillips PW -

2404).The sample phases were characterized by X-ray diffraction (XRD) using a (Philips PW 

3710) diffractometer with Cu- K    

2.2. Dielectric Measurement: 

The samples of Na-beta and Ni- beta zeolite were compressed to form pellet of 10 mm diameter 

and 1 mm thickness. The pellets were heated to 3000C to obtain a hard solid sintered material. 

The pellets were polished with silver paste for good electrical contact. The electrical conductivity 

was measured in the frequency range 20Hz 1MHz at room temperature 250C using LCR-meter 

(HP-4284A). 

2. Results and discussion: 

2.1.XRF 
Table1. Chemical composition of fly ash 

  
 
 
 
 

 

          

 

 

 The elemental composition analysis by XRF in Table 1 indicated that coal fly ash contained large 

quantities of silica and alumina which are the two main components in zeolite. The chemical analysis of 

the fly ash used as the starting material in this work showed it to be a high-silica ash with the mole ratio 

of SiO2: Al2O3 = 5.127: 1. 

2.2. XRD 

The X-ray diffraction pattern of fly ash based zeolite H  beta and its exchanged form Ni-beta is shown 

in fig.1. The d values are compared with the standard [5] . The powder X-ray diffraction(PXRD) pattern 

showed characteristic peaks of beta-type zeolite (Figure 1), indicating formation of microporous zeolite 

beta crystals.. The peaks at 2 = 43.23° is representative peak of a NiO [6]. As can be seen in Figure 1, 

Oxides % wt Mol/100 g of fly ash 
SiO2 70.23% 1.169 

Al2O3 23.27% 0.228 
Fe2O3 4.38% 0.027 
MgO 1.26% 0.031 
Na2O 0.42 0.0067 
LOI 0.44% - 



the intensity of peaks corresponding to H-beta zeolite decreased, whereas, the intensity of peaks

corresponding to nickel increased on increasing the nickel doping on H-beta zeolite.

Figure 1. X-ray diffraction patterns of H-beta/Ni-beta zeolite.
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The XRD for Ni-beta were found to be similar to that of original H-beta sample, indicating that there is 

no structural changes occur after ion exchange with nickel nitrate [7].

2.3. Dielectric Measurement:

The variation of dielectric constant ( ) with log f for H -beta

and Ni-beta zeolites are shown in figure 2, 3, and 4.In Figure 2, the permittivity ( ) of zeolite H-beta

was found to decrease with an increase in frequency. This characteristic gives the increase of the 

permittivity at low frequency. The low dielectric constant of zeolites (

processes in the zeolite channels should involve concerted action rather than strong charge separation.
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In fig.3 the variation of dielectric loss ( shown.  This dielectric 

loss is frequency dependent and also influenced by water content of the zeolite [8]. The loss is in lowest 

frequency region and has been frequently observed in zeolites is supposed to be due to a dc ionic 

conductivity loss and grain boundary effect [9-10].

In fig. 4 the variation of ac conductivity ( ) with frequency at room temperature is shown. The 

conductivity increases with increase in frequency. The conductivity of zeolite 

H-beta is less than Ni -beta, as the conductivity depends on the cation size and the channels within the 

zeolites structure.
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3. Conclusion:

Zeolite beta is successfully synthesized from solid waste material fly ash and it shows no structural 

change after modification with cobalt. The zeolite beta and Ni-beta shows good response for dielectric 

applications.
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In the present investigation dielectric measurements have been carried out by making the use of TDR 
technique in the frequency span of 10 MHz-50 GHz at temperatures 00C, 50C, 100C, 150C, 200C and 
250C respectively at 11 volume fractions of 1-PENT in ETOH. Excess properties like excess permittivity 
and excess inverse relaxation time have been explored using the calculated values of dielectric constant 
and relaxation time which have been reported in our earlier study, Dielectric relaxation study of 1-
Pentanol-Ethanol binary mixtures at 10 MHZ-50 GHz freq . The 
values of Bruggemann factor (FB) are calculated at all different aforesaid temperatures and compositions 
by making the use of least square fit method. Apart from all of these measurements FTIR measurements 
also been performed to scrutinize the intermolecular interactions in the binary mixture of  liquids utilized 
for the present study. 
Keywords: Time Domain Reflectometry (TDR); 1-Pentanol; Ethanol; Excess properties; Functional 
groups; FTIR. 
*Corresponding author 
  Email address: shaikhyh@gmail.com.(Y.H.Shaikh) 

 

TDR is the authentic and dynamic approach for the study of structure of intermolecular interactions both 
in pure form and binary mixture of liquids, which allows the researchers in just one quantification for the 
broadband of frequencies [1, 2]. Dielectric measurements is a crucial tool for estimating intermolecular 
interactions which are due to dipole-dipole interactions which leads to succeeding molecular structural 
reposition in a binary mixture, and due to the existence of hydrogen bonds in the binary mixture the 
dielectric properties of the participating constituent liquids alters significantly [3-4]. Alcohols have 
allured much attentiveness amongst most of the researchers for the dielectric study due to its polarity, as 

mailto:shaikhyh@gmail.com.(Y.H.Shaikh)


 

 
 
 
 

this polarity character individualize it from other no polar organic compounds this rationality polar 
character leads to association of alcohol molecules through the rather attraction of positive charge of 
hydrogen atom of one hydroxyl group with a correspondingly negative charge of oxygen atom of 
another hydroxyl group. Alcohols can be utilized in many ways, in chemical industries as solvents for 
oils, resins and antifreeze 
chemistry and biology, not only that it can also be employed to realize the associative behavior with 
multitude of internal structures that relies on carbon chain length and position of O-H group [5, 6] 

An extensive analysis have been done to study dielectric properties of 1-alkanols with acrylate 
group [7].Recently our research group have given the qualitative data regarding the study of dielectric 
properties by making the use of medicinal compounds [8-9] .The workers studied the dielectric 
properties extensively[10]. The study revealed the increase in dipole moments and formation of dimmers 
in the binary mixture[11].The study has been carried out to study the dielectric properties of amines 
[12].The study yields an info in to the structural changes[13]. 

Fourier transform infrared spectroscopy (FTIR) is the dominant approach for the characterization 
of samples which are in solid, liquid and gas phase [14]. It is only the IR active molecules which absorbs 
the IR light if there is change in dipole moment during the course of vibrations [15] , and ethanol and 1-
pentanol are polar and IR active as both of them posses permanent dipole moment and hence yields 
absorbance spectra. Sivgurunathan et.al  
have studied the comparison between FTIR spectra of O-H and C=O regions between 1-alkanols and 
alkyl methacrylate [16].Conduction of study affirmed the ontic of NH2, CH and C=O stretches in 
formamide , and dimethyl  amino ethanol, both in pure form and in binary mixture [17]. 
The literature survey have shown that there is not too much work have been done yet for the dielectric 
study of 1-PENT-ETOH binary system and there is no FTIR study have been performed for the 
aforesaid system, so the  main goal of present investigation is to study intermolecular interactions via 

E), Bruggemann factor and dipolar rotations through excess inverse relaxation time 
and also with the aid of FTIR spectroscopy to study the existence of intermolecular hydrogen bonding in 
polar groups both in pure form and binary mixture of participating liquids. 
 
2. Experimental details 

 
2.1 Chemicals:- The chemicals utilized for the present investigation was obtained from EMD Millipore 
Corporation Germany grade having 99% purity so was used without further purification. 
2.2 Methodology- 
Dielectric study 

Samples were prepared by mixing the volume fractions of 1-Pentanol in ethanol in the range of 0% 
to 100% , and measurements were taken by placing the sample in electronically temperature controlled 
bath with an accuracy of ±0.1°C at temperatures 0 0C-25 0C. The Tektronix DSA8300 sampling main 
frame oscilloscope sampling with the dual-channel sampling module 80E10B has been used for time 
domain reflectometry. The sampling module is well equipped with12 ps incident and 15 ps reflected rise 
time pulse. The coaxial cable which has been utilized to feed pulse has 50 ohm impedance, inner diameter 



 

 
 
 
 

of 0.28 mm and outer diameter of 1.19 mm. Sampling oscilloscope monitor changes in pulse after 
reflection from the end of line. Reflected pulse without sample R1 (t) and with sample Rx (t) was recorded 
in time window of 5 ns and digitized in 2000 points. The addition [q (t) = R1 (t) + Rx (t)] and subtraction 
[p (t) = R1 (t)  Rx (t)] of these pulses is done in oscilloscope memory. These subtracted and added pulses 
are transferred to PC for further analysis. The Fourier transformations of the pulse and data analysis were 

-linear least square fit method which 
have been reported in our earlier study [18]. 
2.3 FTIR measurements:- 
To study the FTIR spectra for 1-PENT and ETOH both in pure form and the binary mixture of the same 
bruker spectrometer have been utilized in the frequency span of 500-4000 cm-1 at room temperature. 
3 Results and discussion 
Excess permittivity 
The values of excess permittivity has been figured out using the equation [19] 
( 0)E= ( 0)m-[( 0)EXE+( 0)A(1-XE)]         (1) 
Where XE represents the volume fraction of an ethanol. Subscripts m, E and A represents Mixture, 
ethanol and solute 1-pentanol respectively. 

  

 
 Figure 1. Excess permittivity ( 0)E  vs. volume fraction of Ethanol at various temperatures 
The crucial data regarding the interactions amide the polar-polar binary liquid mixtures can be figured 
out by E) [20], which can be summarized as follows. 

(i) E=0 means no interactions among participating liquids 
(ii) E<0 designates interaction in such way as to lead reduction in effective dipole moments. 
(iii) E>0    interactions contributes to increase in dipole moments. 



An alterations in the values of Excess properties are as shown in fig (1). the positive values of excess 
dielectric constant corroborates the formation of monomers contrarily the negative values formation of 
multimers designating the interaction of molecules in such a way that the effective dipoles gets reduced. 
The figure reflects all the values of excess permittivity negative at all temperatures and for all 
concentrations of 1-PENT in ETOH ,this can be attributed to the breaking of hydrogen bonds among 
solute and solvent molecules with subsequent emergence of multimeric structures ,which stipulates 
reduction in dipole moments due to alignment of adjacent dipoles in opposite directions.
These results are in conformity with those obtained. by researchers [21] except at 0.70 mole fraction
Excess inverse relaxation time:-

The excess inverse relaxation time was found out using the relation

Where is the excess inverse relaxation time which represents the average broadening of dielectric 
spectra [22].
The significant data regarding the rotation of dipoles by using this property is as follows [23]

(i) E=0 designates no solute-solvent interaction
(ii) E<0 solute-solvent interactions in such way that dipoles rotates slowly

under the effect of field of hindrance.
                              E>0 gives speedy rotation of dipole.

Figure 2.Excess inverse Relaxation time E vs volume fraction of 1-Pentanol at various 
temperatures
The fig. (2) depicts the calculated values of excess inverse relaxation time for all the concentrations of 1-
PENT in ETOH at temperatures 0 0C- 250C. The fig reflects all the values positive at temperatures 50C-



 

 
 
 
 

-250C for all  concentrations with conspicuous maxima at 60% of    1-PENT at 250C, these positive 
values stipulates the solute solvent interactions via hydrogen bonding in such a manner which leads to 

faster rotation of dipoles. The fig also shows the negative trend for values at temperature 0 0C which 

can be attributed to creation of field of hindrance which leads to slow rotation of dipole moments. These 
results are different from the results obtained for the same system [24]. 
 Bruggeman factor (FB) 

The Bruggeman factor  (FB) is an additional parameter which gives an informative approach 
towards intermolecular interactions and which is dependent on dielectric permittivities of solute, 
solvent,and their binary mixture can be expressed as[25] 

         

Where , ,  are the static dielectric constants corresponding to mixture solute and 
solvent respectively.V is the volume fraction of solvent(ethanol).from above equation linear relation is 
expected from plot FB versus volume fraction of ethanol, But in binary liquids, there is a nonlinear 
relationship. The nonlinearity of Bruggeman factor vs. volume fraction of solvent can be expressed by 
[26]. 

 

In this equation volume fraction (V) is changed by a factor of the mixture which 
can be ascribed to the solutes molecular structural readjustment within the mixture[27] and molecular 

additional interaction between two liquids and reduces to Bruggeman 
by least square fit method. 

 
Figure 3.Nonlinearity of Bruggemann factor at various temperatures 



 

 
 
 
 

 

The experimental values  
25 0C , 20 0C, 15 0C, 10 0C, 5 0C,and 0 0C respectively. The nonlinearity of plot FB vs. volume fraction 
of 1-pentanol provides an evidence of intermolecular interactions through the hydrogen bonding among 
the hydroxyl groups of both the liquids and all obtained 
reduction in effective volume of solvent than its actual volume [28].  

FTIR analysis:- 
FTIR is the significant approach which yields a precise data regarding the identification of functional 
groups at precise frequency and intermolecular Hydrogen bonding. The FTIR measurements were made 
for pure alcohols and their binary mixtures, and it is observed that the FTIR spectra shown in figure 4(a) 
and 4(b) for 1-Pentanol and ethanol in pure form is in conformity with spectra reported in literature for 
the same [29]. 
 

Figure 4. FTIR Spectra in  pure form (a)1-Pentanol (b) Ethanol 
 



 

 
 
 
 

The absorbance bands at particular frequencies appeared for 1-PENT and ETOH and their binaries can 
be attributed to OH, C-H and, C-O bands which are in well agreement with literature values for the pure 
form of liquids. [30-31]. 

 

 Figure 5-FTIR absorbance peaks for the identification of functional groups  [a]CH   [b] OH  [c]  
CO 

The fig.5 (a) shows sharp bands for asymmetric stretch at 2928.59 and 2972 cm-1 and that for 
symmetric stretch at 2865.25, and 2881.58 cm-1   respectively for 1-PENT and ETOH, the upsurge in 
band frequencies can be ascribed to weak intermolecular interactions in the binaries [32].The bands for 
1-PENT are more intense than ETOH as it consist of more C-H groups in comparison with ETOH. Fig. 
5(b) exhibits broad bands at 3322.48 and 3325.58 
 cm-1  for 1-PENT and ETOH and there is a shifting of band frequencies for all concentrations of 1-
PENT in ETOH which stipulates the self associative character of 1-PENT [33].The electro negativity 
difference between C and O assigns a polarity character to C-O bonds which in turn assign the large 
dipole moment, and due to change in dipole moment during 
 
bond vibrations the peaks are more intense for primary alcohols and their mixture. The C-O stretch for 1-
PENT and ETOH which is shown in fig. 5(c) is at 1049 and 1044 and 1044 cm-1 and there is a decline in 
C-O stretch frequency from 40% of 1-Pentanol to ethanol in pure form. This shift in frequency is the 



 

 
 
 
 

sign of disruption of dipole-dipole interactions among the similar species followed by dipole-dipole 
interactions among unlike species. The table (1) reflects all the wave numbers assigned to the functional 
groups of liquids utilized before mixing and after mixing. 

Table 1-FTIR data for functional group wave numbers. 
Volume 
fraction of 
1-Pentanol 

Functional groups wave numbers (cm-1) 

CH OH C-O 

0.0 2928.59 3325.58 1044.00 
0.1 2970.22 3323.44 1045.73 
0.2 2971.02 3322.29 1046.38 
0.3 2970.29 3325.35 1046.69 
0.4 2964.50 3325.65 1047.25 
0.5 2959.90 3327.31 1047.83 
0.6 2959.91 3324.83 1048.10 
0.7 2957.98 3325.79 1049.95 
0.8 2957.52 3324.91 1051.09 
0.9 2957.19 3325.74 1052.02 

10 2972 3322.48 1049.00 

  
4. Conclusion: 
  The positive value of excess permittivity indicates the formation of monomers while the negative value 
points out the formation of multimeric structures in the binary mixture. 
      The trend of  positive excess inverse relaxation time values suggest the slow rotation of    dipoles on 
one hand,  negative trend of this values leads to the slow rotation of the same. nonlinear plot of (FB) 
versus volume fraction of solute in solvent reflects the existence of intermolecular  interactions in the 

peratures ,all are found to deviate from the 
ideality a=1.  The wave number shifting for Absorbance peaks of functional groups CH ,OH ,and C-O 
have been studied for the binary mixture of 1-pentanol in ethanol for all concentrations at room 
temperature which stipulates there is weak molecular interactions according to the shifting of peaks 
wave numbers wave numbers of peaks reported for the systems 
in pure form are in well conformity with that reported in literature.  
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Holling Type-IV Functional Response

Ashok Munde
Department of Mathematics

NKSPT’s Arts, Science and Commerce College
Badnapur, 431202, Maharashtra, India

mashok.math@gmail.com

Abstract
In this paper, we consider a mathematical model for a prey-predator system with
a simplified Holling type-IV functional response. Sufficient conditions are derived
for the stability of the system around equilibrium points. By numerical simulation,
it shows that the system exhibits rich dynamics under different sets of conditions
and by taking the different parameter values of α.

AMS Subject Classifications: 92B05, 92D25, 93A30, 93C15, 93D99.
Keywords: Prey-predator model; Holling type-IV functional response; Equilibrium
points; Dynamical behaviour.

1 Introduction
In the study of population dynamics, a functional response is the center of attention
in many prey-predator mathematical models. Already, many authors proposed prey-
predator models with different types of functional responses and studied global stability,
limit cycle, Hopf bifurcation and chaotic behavior of their systems see [2, 3, 4, 5, 6, 7, 8,
9, 10, 12, 14, 15, 16, 17, 19, 22, 23, 24, 25]. Holling [11] describes predator-prey model
with Holling type-I functional response. Tripathi et al. [21] discussed the dynamics of
prey-predator model with Beddington–DeAngelis type function response. Huang and
Xiao [13] examined the prey-predator model with Holling type-IV function of the form

R(x) =
mx

a+ bx+ x2
. (R1)

Already, the functional response (R1) is proposed by Andrews in [1]. Sokol and Howell
proposed the experiment by consideration of simplified Holling type-IV function of the
form

R(x) =
mx

a+ x2
, (R2)
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2 Ashok Munde

Table 1: Definition of parameters in the model.

Parameter Definition

r The maximum growth rate of the prey species.
α The coefficient of intra-specific competition in

the prey species
a1 The maximum predation rate of the predator

species.
a2 The interaction rate of the predator species.
k The half-saturation constant.
d The death rate of the predator species.

and found best kinetics parameters by non-linear least squares techniques see [20]. Ruan
and Xiao [18] investigated the predator-prey model with simplified Holling type-IV
functional response (R2). They studied the the saddle-node bifurcation, the supercritical
and subcritical Hopf bifurcation, and the homoclinic bifurcation of the system.

In this paper, we consider the model equations of a prey-predator system with
Holling type-IV functional response as follows:

dN1

dt
=

(
r − αN1 −

a1N2

k +N2
1

)
N1

dN2

dt
=

(
a2N1

k +N2
1

− d

)
N2

(1)

where Ni, i = 1, 2 represent the population densities of prey and predator respectively
and r, α, ai(i = 1, 2), k and d are assumed to be nonnegative constants defined in Table
1.

The main purpose of this paper is to study the dynamical behaviour of prey-predator
system with simplified Holling type-IV functional response. In Section 2, we identified
all possible equilibrium points of the model and discussed stability of the system under
sufficient conditions. In Section 3, numerical simulations are performed and shows that
the system exhibits rich dynamics under different sets of conditions and by taking the
different parameter values of α. Section 4 is the concluding section where results are
discussed.

2 Equilibria and their stability
In this section, the existence of the equilibrium points of system (1) and their stability of
each one are investigated. The system (1) always has trivial equilibrium point E0(0, 0)
and axial equilibrium point E1(

r
α
, 0). The co-existence equilibrium point of the system
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(1) is the intersection of the nullclines f1(N1, N2) = 0 and f2(N1, N2) = 0, where

f1(N1, N2) = r − αN1 −
a1N2

k +N2
1

(2)

f2(N1, N2) =
a2N1

k +N2
1

− d. (3)

From (3), we have

N1 =
a2 ±

√
a22 − 4kd2

2d
. (4)

From (2) and (4), it is easy to see that if a22 − 4kd2 < 0, the system (1) does not have
co-existing interior equilibrium point and if a22−4kd2 = 0, the system (1) has an interior
equilibrium point E2(N̂1, N̂2), where

N̂1 =
a2
2d

, N̂2 =
(r − αN̂1)(k + N̂1

2
)

a1

exist if r
α
> N̂1 and if a22 − 4kd2 > 0, the system (1) has two interior equilibrium points

i.e. E3(N1, N2), where

N1 =
a2 −

√
a22 − 4kd2

2d
, N2 =

(r − αN1)(k +N1
2
)

a1

exist if r
α
> N1 and E4(N

∗
1 , N

∗
2 ), where

N∗
1 =

a2 +
√

a22 − 4kd2

2d
, N∗

2 =
(r − αN∗

1 )(k +N∗
1
2)

a1

exists if r
α
> N∗

1 .

For sake of simplicity, we denote Ñ3 =
2a2−

√
a22−4kd2

2d
and Ñ4 =

2a2+
√

a22−4kd2

2d
.

The dynamical behavior of the system (1) at the equilibrium points can be studied by
computing of the variational matrix J of the form

J =

[
r − 2αN1 − a1(k−N2

1 )N2

(k+N2
1 )

2 − a1N1

k+N2
1

a2(k−N2
1 )N2

(k+N2
1 )

2
a2N1

k+N2
1
− d

]
(5)

Theorem 1. The following statements hold for the system (1):

(i) The trivial equilibrium point E0 is always a saddle point.

(ii) The axial equilibrium point E1 is a stable node if d > a2rα
kα2+r2

and a saddle point
if d < a2rα

kα2+r2
.
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4 Ashok Munde

Proof. (i) From some calculation, eigenvalues of the variational matrix (5) about the
equilibrium point E0 is λ1 = −d and λ2 = r. Hence, the equilibrium point E0 is
always a saddle point.

(ii) The variational matrix (5) about the equilibrium point E1 is given by

J(E1) =

[
−r − a1rα

kα2+r2

0 a2rα
kα2+r2

− d

]
(6)

The eigenvalues of the variational matrix (6) are λ1 = −r and λ2 = a2rα
kα2+r2

− d.
Hence, the equilibrium point E1 is a stable node if d > a2rα

kα2+r2
and E1 becomes a

saddle point for d < a2rα
kα2+r2

.

We have used the results proved in [18] to explore the dynamical behavior of the
system (1) about the interior equilibrium points and stated in the following theorems.

Theorem 2. The following statements hold for the system (1):

(i) If 4kd2 < a22 ≤ 16
3
kd2 and r

N∗
1
< α < r

N1
, then system (1) has three equilib-

ria: two saddle points E0(0, 0) and E1(
r
α
, 0) and a globally asymptotically stable

equilibrium E3(N1, N2) in the interior of the first quadrant.

(ii) If 4kd2 < a22 ≤ 16
3
kd2 and r

Ñ3
≤ α < r

N∗
1
, then system (1) has four equilibria:

two saddle points E0(0, 0) and E4(N
∗
1 , N

∗
2 ), a stable node E1(

r
α
, 0) and a stable

equilibrium point E3(N1, N2), and system (1) has no closed orbit.

(iii) If 4kd2 < a22 ≤ 16
3
kd2 and rd

a2
< α < r

Ñ3
then system (1) has four equilibria: two

saddle points E0(0, 0) and E4(N
∗
1 , N

∗
2 ), a stable equilibrium point E1(

r
α
, 0) and

a unstable equilibrium point E3(N1, N2), and system (1) has unique limit cycle
exists in the interior of the first quadrant.

(iv) If 4kd2 < a22 ≤ 16
3
kd2 and r

Ñ4
≤ α ≤ rd

a2
(or α < r

Ñ4
) then system (1) has

four equilibria: three saddle points E0(0, 0), E3(N1, N2) and E4(N
∗
1 , N

∗
2 ) and

E1(
r
α
, 0) a stable equilibrium and system (1) has no limit cycle exists (or has no

closed orbit).

Theorem 3. The following statements hold for the system (1):

(i) If 16
3
kd2 < a22 and r

Ñ3
< α < r

N1
then system (1) has three equilibria: two saddle

points E0(0, 0) and E1(
r
α
, 0) and E3(N1, N2) is a stable focus.

(ii) If 16
3
kd2 < a22 and r

N∗
1
≤ α ≤ r

Ñ3
then system (1) has three equilibria: two saddle

points E0(0, 0) and E1(
r
α
, 0) and E3(N1, N2) is a unstable focus and system (1)

has unique limit cycle which is stable.

user
Text Box
39


user
Text Box
                                                                     Ashok Munde / IJMTT, 69(4), 36-47, 2023




Numerical simulations of prey-predator system... 5

Stability of equilibria for parameter values r = 0.6, a1 = 1, a2 = 1.1,
k = 0.5, d = 0.7 and different values of α.

Different
values
of α

E0 E1 E2 E3 E4 Remark

0.75 Saddle Saddle - Stable -
E3 is globally asymptotically

stable.
0.50 Saddle Stable - Stable Saddle No closed orbit exists.

0.44 Saddle Stable - Unstable Saddle
A stable limit cycle around

E3.
0.35 Saddle Stable - Unstable Saddle

No limit cycle and closed orbit.
0.24 Saddle Stable - Unstable Saddle

Table 2: Dynamical Behaviour of the equilibria shown in Figure 1 to 4.

(iii) If 16
3
kd2 < a22 and rd

a2
< α < r

N∗
1

then system (1) has four equilibria: two
saddle points E0(0, 0),E4(N

∗
1 , N

∗
2 ) and stable equilibrium point E1(

r
α
, 0) and

E3(N1, N2) is unstable focus.

(iv) If 16
3
kd2 < a22 and r

Ñ4
≤ α ≤ rd

a2
(or α < r

Ñ4
) then system (1) has four equilibria:

two saddle points E0(0, 0),E4(N
∗
1 , N

∗
2 ) and stable equilibrium point E1(

r
α
, 0) and

E3(N1, N2) is unstable focus and system (1) has no limit cycle exists (or no closed
orbits).

In the next section, we have carried out numerical simulations to prove and verify
the statements shown in Theorem 2 and 3.

3 Numerical Simulations
We take two sets of parameter values, in the first set we fix r = 0.6, a1 = 1, a2 =
1.1, k = 0.5 and d = 0.7 for numerical simulations with initial condition N1(0) = 0.5
and N2(0) = 0.5 and different values of α. For α = 0.75, the interior equilibrium
point E3 is globally asymptotically stable is shown in the Figure-1. Figure-2 represents
the interior equilibrium point E3 is stable focus and system (1) has no closed orbit for
α = 0.50. If we take α = 0.44, then the interior equilibrium point E3 is unstable and
system (1) has unique limit cycle exists as shown in Figure-3. For α = 0.35 and 0.24,
the interior equilibrium point E3 is unstable and system (1) has no limit cycle and no
closed orbit exists as shown in Figure-4. From the above first set, we have proved the
statements in Theorem 2 numerically and the stability of equilibrium points is shown in
Table 2.
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6 Ashok Munde

Stability of equilibria for parameter values r = 0.6, a1 = 1, a2 = 1.1,
k = 0.5, d = 0.5 and different values of α.

Different
values
of α

E0 E1 E2 E3 E4 Remark

0.50 Saddle Saddle - Stable - No closed orbit exists.

0.44 Saddle saddle - Unstable -
A stable limit cycle around

E3.
0.30 Saddle Stable - Unstable Saddle -
0.24 Saddle Stable - Unstable Saddle

No limit cycle and closed orbit.
0.17 Saddle Stable - Unstable Saddle

Table 3: Dynamical Behaviour of the equilibria shown in Figure 5 to 8.
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Figure 1: (1a) time series and (1b) a phase portrait of system (1) for α = 0.75.

Now, we fix d = 0.5 in the second set and remaining parameter values are same as in
the first set with initial condition N1(0) = 0.5 and N2(0) = 0.5 and different values of α
for the numerical simulations. For α = 0.50, the interior equilibrium point E3 is stable
focus and system (1) has no closed orbit as shown in Figure-5. Figure-6 represents the
interior equilibrium point E3 is unstable and system (1) has unique limit cycle exists for
α = 0.44. If we take α = 0.30, then the interior equilibrium point E3 is unstable as
shown in Figure-7. For α = 0.24 and 0.17, the interior equilibrium point E3 is unstable
and system (1) has no limit cycle and no closed orbit exists as shown in Figure-8. Based
on the parameter values in the second set, we have verified the conditions in Theorem 3
and the stability of equilibrium points is shown in Table 3.

If we take k = 1.21, α = 0.5 and the rest of the parameter values are same as in
the second set, then we have a22 − 4kd2 = 0. Therefore, the system (1) exhibits three
equilibrium points: E0 is a saddle point, E1 and E2 are stable, and dynamical behaviour
of the system is shown in Figure-9.
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Figure 2: (2a) time series and (2b) a phase portrait of system (1) for α = 0.50.
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Figure 3: (3a) time series and (3b) a phase portrait of system (1) for α = 0.44.
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Figure 4: (4a) time series and (4b) a phase portrait for α = 0.35 and (4c) time series
and (4d) a phase portrait of system (1) for α = 0.24.
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Figure 5: (5a) time series and (5b) a phase portrait of system (1) for α = 0.50.
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Figure 6: (6a) time series and (6b) a phase portrait of system (1) for α = 0.44.
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Figure 7: (7a) time series and (7b) a phase portrait of system (1) for α = 0.30.
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Figure 8: (8a) time series and (8b) a phase portrait for α = 0.24 and (8c) time series
and (8d) a phase portrait of system (1) for α = 0.17.

4 Conclusion

In this paper, the dynamical behaviour of the prey-predator system have been stud-
ied. The interaction between prey and predator is assumed to be governed by simpli-
fied Holling type-IV functional response. By using the results of Ruan and Xiao [18],
we carried out the numerical simulations and exhibits the dynamical behaviour of the
system (1). We consider two sets of parameter values and shows that the dynamical
behaviour is rich and very sensitive for different values of α (see Figures 1 to 9).
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Figure 9: (9a) time series and (9b) a phase portrait of system (1) for r = 0.6, α =
0.5, a1 = 1, a2 = 1.1, k = 1.21 and d = 0.5.
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